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In this work it is shown that if the underlying category ¥, of a symmetric closed monoidal
category ¥ is locally presentable, then the Cauchy completion of any small #-category is small.

Introduction

It has been observed (e.g. by Kelly in [6]) that for many common monoidal
categories ¥ such as 7'=Set, Cat, R, or AbGp, the Cauchy completion of a small
y-category is always small. Although Kelly gives a counterexample in [6] to show
that this is not true for every closed, complete and cocomplete ¥, it has been conjec-
tured to be true for those ¥ such that ¥; is locally presentable. In some informal
notes Kelly [5] proves this conjecture under the additional assumption that the unit
I of v is projective for strong epis. Here we drop this assumption and prove that
the Cauchy completion of a small #-category is always small when the underlying
category of 7 is locally presentable.

0. Notation

We use 7 (or &) to denote a complete, cocomplete, symmetric monoidal closed
category. If  is a small ?-category, then #.« will denote the ?-functor category
[« °P, '] which, by [6, Theorem 4.51], is the free cocompletion of . under small
colimits, We let Y: ./ — P/ denote the Yoneda embedding. If F and G are
elements of #.«, then G will abbreviate #.#(F,G)e ¥. The identity of F is
denoted by j,: I~ F*. We let K denote the canonical morphism: colim(G, Y5y -
colim(G, Y)'= G*. If the underlying category of our base monoidal category is a
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category of presheaves, then we shall denote the base monoidal category by 4.
Throughout, .« and % will denote small enriched categories.

1. Preliminaries

The equivalence of two ¥-categories « and & in the bicategory ¥-Mod (of
modules between ¥-categories as in [9]) is weaker than the equivalence of .« and
9 in v-Cat. This observation has led to the definition of the Cauchy completion
2.4 of « such that & = & in ¥-Mod if and only if 2.4= 2% in 7-Cat. Lawvere
[7] indicated a definition (made explicit in a more general context in [9]) of 2.+ as
the #-category of modules & — .« which possess a right adjoint in 7-Mod. Alter-
natively, 2.« is equivalent to the full subcategory of £ =[.«°®, 7] consisting of
the small projectives: those F such that LA(F,-) = (-)F': @ — v preserves small
colimits (see [6, Section 5.5] or [8]).

The following example from Kelly [6, Section 5.5] shows that 2.« need not be
small when .« is. Let CL, be the category of complete lattices with sup-preserving
functions and let ® : CLyx CL,— CL, be such that the sup-preserving functions
A® B— C are the functions A X B— C which are sup-preserving in each variable
separately. This gives a monoidal category CL with the ordered set {0,1} as unit.

Claim. The Cauchy completion of a small CL-category ~f is the full subcategory
of [« °P,CL] consisting of those functors which are retracts of arbitrary (small)
products (= coproducts) of representables. In particular, 2.« is not small unless .«
is equivalent to the one-object CL-category with «f(*,*)=0.

Proof. Clearly, the coproduct of [4;: i€} in ¥; is the same as the product [],., 4;
with coprojection defined by

A~ [ 4= 4,

iel

a if j=i,
a— .
0 otherwise.

Consequently, we will denote this coproduct by @, ,4;. For any family

{a;:iel} of objects of &/, any F: X °° > ¥, and any G:# — P with [ and KX
small:

.@d( @ A (-, a;), colim(F, G)> = @ colim(F, Ga;)= colim<F, @ Ga,->

ier ier iel
= colim<F, %&( @ (-, a), G>>
iel
Thus arbitrary products of representables, and hence their retracts (by [8, Corollary
3.6]) are small projective and so are in the Cauchy completion of .
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Conversely, if F'is small projective, the canonical morphism
Kg:colim(F, YF) - FF

must be an isomorphism. In particular, K takes some element of its domain to 1.
Since colim(F, Y¥) is a quotient of

@ Fa®@A(-,a)f= @ F'®.4(-,a),

aed aeg.od
and since each A & Bis itself a quotient of the complete lattice of all subsets of 4 x B,
there is a set /, and an /-indexed collection of pairs of morphisms {(x;, ¥;>:iel}
with x;:F—#(-,q;), and y;: (-, @)~ F such that lp=sup,_,(y;ox;):F—F.
Thus F is a retract of @), _,#(-,q;). O

In the above proof, all that was needed for F to be small projective was that K

map something onto the identity of F. A generalization of this idea to arbitrary ¢
is given by Gouzou and Grunig [2, Theorem 1.1].

Proposition 1 (Gouzou and Grunig). For any ¥; if F: & °® — ¥ then F is small pro-
Jective if and only if there is a morphism ¢ : I colim(F, Y*) such that

I 4 colim(F, YF)
(*) Jr\\ ﬁF
FF.

Proof. If Fis small projective, we may take ¢ to be K;l ojr. So suppose ¢ satisfies
(*). To show that F is small projective, we need only show that (-)7 preserves co-
limits of the form colim(G, Y) for G : .« °° = ¥ since, for G: % °° > ¥ and H: X —
P, colim(G, H) = colim(colim(G, H), Y) = colim(G, colim(H, Y)). If G: 4P > ¥,
then the composite

= 1 .
6" GFQI-2% GF @ colim(F, YF) 225 colim(G, YF),

is readily seen, using (*), to be the inverse of the canonical K; : colim(G, YFy- G*.
O

2. The presheaf case

Throughout this section, we assume that the underlying category of our base
monoidal category is the category of presheaves S¢" for some small category C
(where § is the category of sets). We denote our base category by #=(S%", ®, 1 ).

If X is a set, let | X| denote its cardinality. If 4 is an Obj(C)-graded set, let 4| =
Y.cclh(0)] and if 4 is the underlying object function of a functor H:C% — S, let
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|H|=|h|. If « is a small P-category and if fis an Obj(C) x Obj(«/ )-graded set, let
I/1=Y,c.|fa] and if fis the underlying object function of a functor F: /" > ¢,
let |F]=]f|. Finally, let |C| denote the cardinality of the set of arrows of C.

We now fix a small #-category .« and choose a cardinal x such that

(M) |Cl =«.

@ =x.

3) |C(-, ) ®C(-,d)| =k for all c,deC.

(4) |-#(a, b)| <k for all a,be.« and |Obj(.«)|<x.

Since & : X F— & is separately cocontinuous, we have, for F,Ge &;

Cc,de
FRG= CFc><de(<[Z(—,c)(>§<[3(—,d))

which together with (1) and (3) (and the construction of coends in S ‘Dop) gives:
(%) If F,Ge & with |F| <k and |G| =k, then |[F®Q G|=<«k.

Lemma 2. Suppose F: .« °® — & is a functor and f is a sub Obj(C) x Obj(A)-graded
set of F with | f|<k. Then there is a subfunctor [ f] of F, containing f, such that

I Nl=x.

Proof. Let U:(#* op)0 > §OPIOIXObIY) he the ordinary functor taking an &-
functor F: . °° = & to its underlying Obj(C) x Obj(«#)-graded set. Then U is a (not
necessarily fully faithful) inclusion with left adjoint L : §OM©* ORI — (g™
given by

Lf= 1] #(-,a) ®C(-,c) X fac.

ceC
aeAd

If f and F are as in the statement of the lemma, let J: Lf— F correspond under the
adjunction L -4 U to f>> UF and let Lf— [f]>> F be the epi-mono factorization
(calculated pointwise) of J. The natural transformation Lf— [ f] corresponds by
adjunction to the inclusion f>> U[f]. Since |f|=<k, (4) and (5) give |[f1]=<
ILN=x. U

Lemma 3. Suppose F: «4°°— % is a functor, (€ & with |E| <k, and suppose
T: ¢ colim(F, YF). Then

T
& ——— colim(F, Y")

v Kr

GF —— pr

for some natural transformation v and some inclusion i: G>> F with |G| <k.
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Proof. By [6, (3.70)],

‘ac.A
colim(F, Y = S Fa® (-, a)"

faed ((deC
E\ j Fad X (C(=, d)® A (-, a)").

J

Thus there exist functions {¢.: ce C} such that for all ceC,

Ec
O
(er)c

I Fadx(C(-,d)®@(-,a) )¢ colim(F, YF)c

aed
deC

where ef is the canonical natural transformation. Let f= {n({.(x)) e F: x e éc for
some ce C} and let G=[f]:.«°° — % By Lemma 2 and the assumption |£] <, we
have i: G> F and |G|<k. For all ceC,

T.

&e colim(F, YF)e
fcl colim(i, 1),
(eG)c
1 Gadx(C(-,d)®.4(-,a)F)c ——» colim(G, YF)c.
aeA
deC
. (eG)cote . F (KG)e F
Now let v, be the composite éc ——— colim(G, Y )c G7c. Then for all
ceC,
T. i .
éc — colim(F, Y )c
Ve (KF)C
iF
Gfe —— FFe.

Since each iCF is a monomorphism, the naturality of v follows from the naturality
of KpT. O

In particular, suppose F:.#°" — & is small projective. Then by Proposition 1
and Lemma 3 (with £=1) there is a v and an i: G>> F with |G| <k such that

I

GF i L pF
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This immediately gives a factorization
F

B Ir

Gr—— F

whence F=G. That is, for any small projective F, |F|<x. Since «« is small, there
is only a small number of non-isomorphic such F and we have

Theorem 4. If « is a small #-category, then the Cauchy completion 2.4 of A is
small. [

3. The locally-presentable case

We will now generalize Theorem 4 from & to those ¥'=(%; &, [-,-]) such
that 7 is locally presentable. For ease of exposition we consider only the case
where ¥; is locally finitely presentable, the generalization to locally presentable
being entirely straightforward. From Gabriel and Ulmer [1] there is, for such a 7,
a small finitely-cocomplete category C such that “I/O:Lex(SCw):the full sub-
category of S consisting of the left-exact (or finitely continuous) functors. We
will therefore identify ¥, with Lex(SCop) for the rest of this section.

We let y: C— % be the Yoneda embedding seen as landing in 7 and we let
Y:C — S® denote the usual Yoneda embedding. From [6, Section 5.10], F: C®* = §
is left exact if and only if it is a filtered colimit of representables. Thus, ¥; is the
free filtered-colimit completion of C. From [1], the inclusion i: %—»SCOP has a
reflection ¢ : S - 7.

Theorem 5. Let ¥, i and o be as above. Then

(1) There is a unique (up to isomorphism) symmetric closed monoidal structure
F (=", ®,1[--1) on S such that i: ¥y— S has a strong monoidal enrich-
ment i: V> &.

(ii) The inclusion i preserves the internal homs of ¥ so that we may view any
y-category (respectively v-functor, respectively V-natural transformation) as an
F-category (respectively P-funcior, respectively F-natural transformation). Since i
preserves limits, limits and colimits in a V-category are the same as for the cor-
responding S-category.

(iii) There is a strong monoidal enrichiment (g, 6% 6): ¥~ v of 6. This makes v
a strong monoidal reflective subcategory of .

(iv) There is an isomorphism [a X, V]=[X, V] natural in X e S and Ve 7

(v) The ordinary functor o : S - ¥ is the underlying functor of an &-functor
gLV
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Proof. (i) Since ® : %)X ¥, — ¥, is separately cocontinuous and since /: ‘1/0—>SCOP
preserves filtered colimits, the composite i ® preserves filtered colimits separately
in both variables. We let S-Coc[S®" x§", S denote the full subcategory of
[SCODXSCOD,SCOD] consisting of the separately cocontinuous functors and we let
S-FilCoc[ 7, X %, S®°] denote the full subcategory of [75% %, S consisting of
the functors which preserve filtered colimits separately in both variables. By a result

of Im and Kelly [3], and its generalization in [4] to arbitrary classes of weights for

colimits we get:
() [CXC, 8" ]=5-Coc[ST" xS, 5%,

(b) [CxC,S*"] = S-FilCoc[ ¥ X %5, ST™"1.

These equivalences are given, from left to right by left Kan extension along YxX Y
(in (a)) and y Xy (in (b)) and from right to left by restriction along Y X Y (in (a))
and yxy (in (b)). Thus, if we first restrict & € S-FilCoe[¥?; X ‘I/O,SCQP] along
yXy:CxC— 7% 7, and then take its left Kan extension along YXY:CxC—
ST % S we get a separately cocontinuous tensor product on St {which we will
also denote by &). This tensor product is, by [6, Theorem 4.47], the left Kan exten-
sion of i® along /X and restricts (to within isomorphism) to the tensor product
of 7.

ixi o s)
YoX ¥y ——— ST X §”

®

= l@*Lanix,—i®

% " 57

The equivalences (a) and (b), together with their one- and three-dimensional
analogues allow us to induce the symmetry, unity and associativity isomorphisms
of 7 to S®". Verification that these isomorphisms satisfy the coherence axioms
for a monoidal category is an easy exercise which gives a monoidal structure
F=S" R, 1 ) on S . This structure is unique such that & is separately cocon-
tinuous and such that 7 preserves & and /. Since the tensor product of & is separate-
ly cocontinuous, & is closed.

(ii) Let {-,-} denote the internal-hom functor of & For U, V,Wev,
STWAUVH=STWR U, V)= (WU, V)=1(W, [U, V) =S (W, [U, V).
Since ¥; is dense in SE [U,V]={U,V}, ie. the strong monoidal inclusion
1':‘1/0—>SUJup preserves internal homs. Henceforth, we will let [-,-] denote the
internal-hom functor in & as well as in 7.

(iv) For U,Ve v and Xe & S (U, X, V) =8“"(X, (U, V])=S (6 X,[U, V]) =
S®(U, [0X, V]). Again, since ¥ is dense in S, [X, V]=[oX, V].

(iii) For X, Ye & and VeV, [c(XR®RY),VI=[XRY,V]=[X |Y,V]]=][cX,
[6Y,V]l=[6X&aY, V], which gives a natural isomorphism Gy y:cX®0oY =
o(X® Y). The counit of the adjunction o —i gives an isomorphism ¢°: /=1 and
(a,ao, G): ¥ — v is a strong monoidal enrichment of g.
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(v) It is easy to check that ¢ is the underlying functor of an &#-functor g: &= 7
with
(X, Y]

" nk .

[X,07]

l[cX,aY]

where 7 : 1ger— ig is the unit of the adjunction o—i. U

Of course, limits in ?; are calculated as in S € and any colimit in ¥; is given
by taking the reflection of the corresponding colimit in S, We reserve the usual
notation for colimits, (including coproducts and coends) for the colimits as calculated
in S®". We will write g(colim(F, G)) to denote the F-weighted colimit of G as
calculated in #;. From now on we will identify ¢V with ¥ for Ve % since these are
naturally isomorphic.

Letting Fin C denote the finite-colimit closure of C in ST, we have, by [6, Pro-
position 5.41] that ST is the free filtered-colimit completion of Fin C. Since
s 7S se” preserves filtered colimits, io: SC” - 8§ is the left Kan extension of
its restriction to Fin C.

FinC &———s §¢

N

COPQ %

Thus o(G)= séemc a(&)x ST"(&,G). Since y:C— ¥, preserves finite colimits,
(&) =C(-,colim(¢, 1¢)) for £ eFin C.

Theorem 6. If ¥ is locally (finitely) presentable and if </ is a small V-category,
then the Cauchy completion 2.4 of A is also small.

Proof. Let .« be a small ¥-category and let x be as in Section 2. If F,G: & °* — &,
GF will denote [« PIF,G)={,_,[Fa,Gale # which is isomorphic to
[«/°P;7)(F,G) if F and G land in 7 since limits and internal homs in ¥  are
preserved by the inclusion i: ¥ — & Note that any P-functor F: "= ¥ is a
y-functor.

By Proposition 1, if F: . ° — ¥ is small projective, then there is a morphism ¢
in ¥ such that

\ /am

¢(eFinC o
X a(€)x ST (&, colim(F, Y)).
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For each ce C we can assign to each 4 € Ic a triple £, e Fin C, g.(h) € 6(&,,)c and
T, : &, — colim(F, YF) (representing the value ®.(h)) such that there is a commutative
diagram of functions (ncte that g may not be a natural transformation)

Ic
8 @c

(@(Tye)
1 o&)e ——"— g(colim(F, YF))c.
helc

Clearly |¢| =<k for all ¢ € Fin C. By Lemma 3 there is, for each ceC and ke Ic,
a functor G, : & P > & with |G,| <k, an inclusion i, : G, >~ F and a morphism v,
such that

Ty
&, — colim(F, YF)

Uy KF

iF
h
GF " pF

Hence, for each ceC

2N

1 a(¢&)c ——— o (colim(F, Y )¢

helc
hI_II (V) o(Kr),
CIGIN)
I o(GHe P FFe.
hele

Since I and C are bounded by x there is a subfunctor Gy: .#°° = & of F with
|Gyl = x which contains each G, for helc, ce C. We have inclusions

th——>F

N, A

for helc, ceC. Since g is an F-functor, the composite 6o Gy: P = ¥ is an
&-functor between two ¥-categories and is therefore a ¥~functor. In the ordinary
category [P, 7], let g0 Gy—» G > F be a strong epi-mono factorization of
goly:00Gy— F. This exists since (A4,B)®~-:7%;,— ¥, preserves strong epi-
morphisms. Then
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a(if)
a(Gl) . FF
Pl aliy)
F \F mf
a(Gy) (alp)
0(('700)F\‘
r_e" F
(o0 Gy) G".
Now let u, be the composite
& hII[ G(Uh)c
Ie —— [ a(¢)ec —— 1 6(GHye — G*e
helc helc

where the last arrow is derived from the composite of the three lower arrows in the
previous diagram. Then we have (since 7: ¥, — s preserves monomorphisms)

@c
Ie — o(colim(F, YF))c

JU(KF)C
(m"),

Gfe >——— Ffe

He

and the naturality of u follows from that of o(Kr)p. Hence, as in the presheaf
case, F=G. Since |Gy| =k and since, by [1], any object of 7" has only a small
number of quotients, there can only be a small number of such F. U

In [9], Street defines the Cauchy completion 2.# of .« where .« is a small
category enriched over a bicategory 9¢ such that % and 2¢ °° admit right liftings.
Suppose (U, V) is locally representable for all objects U and V of 9¢. Then the
proof here can be modified to show that for smail .«Z, the set of objects in 2.« over
any given object U of 9 is small. In particular, if Obj(9¥#) is small, then so is 2.«.
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